A systematic analysis of the dynamics of a helical face-gear system with 8 degree of freedom is performed in this study under complex excitation. The nonlinear dynamic system is solved by the Runge-Kutta method. The bifurcation and dynamic load characteristics of the system is identified from a series of diagrams. The effect of multi-factor on bifurcation diagrams is also analysed. The results real that with the increase of dimensionless frequency, the system undergoes the process of periodic, chaotic and periodic motions. The amplitude of the dynamic load gradually increases in a certain range and begins to decrease at a certain value. A higher mesh damping coefficient or a higher input torque or a lower gear backlash can reduce the vibration or eliminate chaotic responses.
Introduction
Face gear transmission has the characteristics of light weight, simple structure, high contact ratio and low meshing noise. The transmission has found application in helicopter transmissions [1] and other important aviation transmission device widely. Some domestic and foreign experts [2] [3] [4] [5] [6] have done the related research work in the principle of gear engagement, tooth surface contact strength, tooth root bending strength, tooth profile machining and profile modification. Due to the gear transmission system includes parameters of gear backlashes [7] , time-varying mesh stiffness [8] , mesh damping [9] , transmission errors [10] , tooth surface friction [11] , the system is a strongly nonlinear system and the vibration properties of the gear system will directly affect the stability and reliability of the system [12] . In the nonlinear dynamics of gear system, the author [13] did some research relevantly and analyzed the effect of speed ratios, backlashes and load on the dynamic response of gear system. Specially, scholars [14] [15] have done some research on the nonlinear vibration properties of the face-gear system, but most of them not fully consider the influence of multi-factor on the gear system. Meanwhile, studies on the nonlinear vibration behavior of the helical face-gear system is very rare at present.
In this research, a bending-torsion-axial coupled nonlinear dynamic model of helical face-gear with 8 degrees of freedom is established, including the factors of time-varying mesh stiffness, mesh damping, support stiffness, support damping, transmission errors, backlashes, tooth surface friction and external excitation. Fourth-fifth order Runge-Kutta method with variable time step is introduced to solve the dimensionless dynamic differential equations. The bifurcation and dynamic load characteristic of the system is identified from the bifurcation diagrams, the time histories, phase diagrams, Poincaré maps and the diagram of dynamic load coefficient using the dimensionless frequency as control parameters. The effect of multi-parameter on bifurcation diagrams is also analyzed.
System model
According to the principle of gear engagement, the model of orthogonal helical face-gear can be built shown in Fig.  1 . Rectangular coordinate system is established at the two gear axis intersection point. x-axis coincides with the axis of the face-gear, the y-axis coincides with the axis of the helical pinion, tangential line of the gear is parallel to zaxis. radial force in x direction are applied to the helical pinion. Radial force in y direction, tangential force in z direction and axial force in x direction are applied to the face-gear. The elastic supported dynamic model of the helical facegear transmission system is built under those forces, as is shown in Fig. 2 
) along x, y, z-direction and degrees of freedom in rotation around the body axial direction (θ p , θ g ) are considered respectively. Then, there are 8 DOF in the gear system, expressed as
Nonlinear dynamic formulation
Assuming the following parameters 
in which α n is the pressure angle. β is the helical angle.
Due to the vibration displacement and the transmission errors, the gear pair produces the relative displacement along the normal direction of the meshing point, which can be written as (4) in which e 0 and e r are the constant and the variable of transmission errors, ω h is the mesh frequency, r I is the initial phase angle.
The dynamic mesh force along the normal direction can be performed as
in which c h is the mesh damping. λ n is the relative displacement along the normal direction of the meshing point. f(λ n ) is the backlash function and varies as a function of time. K h (t) is the time-varying mesh stiffness which is a cycle of periodic function for meshing period and can be expressed as
in which K m is the mean mesh stiffness, K r is the variable amplitude of mesh stiffness.
The coordinate axis component of the dynamic mesh force can be performed as 
in which f is the friction coefficient. η is the direction coefficient of the friction force which is determined by the nominal sliding velocity and can be expressed as
in which r b1 is the base cylinder radius of the pinion. l p is the friction arm of tooth on any point of the actual line of contact which can be expressed as
in which ε is the contact ratio of the gear pair, ω 1 is the rotational speed of the pinion, r a1 is the addendum cylinder radius of the pinion, P b1 is the base pitch of the pinion. The tooth backlash is one of the important factors that causes the nonlinear vibration of the gear system and is a strongly nonlinear term in the gear system dynamic equations. The effect of backlash is considered as a displacement type nonlinear function shown in Fig. 3 and described as follows (10) in which b h is the half of the total gear backlash, α is the stiffness ratio between the two contact stages.
The bearing supporting shaft has a certain gap and also uses the same backlash nonlinear function as the gears to express. Bearing supporting force along x, y, zcoordinate direction can be expressed as follows (11) in which I j and k Ij (I=X, Y, Z, j=p, g) are the bearing backlash and stiffness along the x, y, z-direction for different gears.
According to the Newton's Second Law, the equations of the helical face-gear transmission system dynamic model under the assumption of nonlinear suspension can be written as
in which T p and T g are the input torque and output torque which can be expressed as 
in which T 0 is the mean torque, ω 1 and ω 2 are the rotational speed of the pinion and the face-gear. T e1 and T e2 are the variable amplitude of the input and the output excitation torque. Taking the relative displacement along the normal direction of the meshing point λ n as a new degree of freedom and merging the torsional vibration equations of Eq. (12) (14) In which m e , F p , F pf , F g and F gf can be performed as Introducing the dimensionless parameters, Eqs. (12) and (14) 2 ( 
Numerical simulation and discussion
The nonlinear dynamic equations presented in Eqs. (16) for the helical face-gear system were solved by the Fourth-fifth order Runge-Kutta method with variable time step. The time step in the iterative solution procedure was assigned a value of T m /300 (T m =2π/ω, T m is the dimensionless mesh cycle) and the iterative time was set to 300T m . The first hundreds of cycles were specifically excluded to ensure the analyzed data related to steady-state conditions. The chaotic motion of the system was identified by the bifurcation diagrams, time history, phase diagrams and Poincaré maps. The dynamic load characteristic of the system was analyzed by the diagram of dynamic load coefficient which was variation with time.
Bifurcation diagram
The bifurcation diagram for the dimensionless displacement of helical face-gear system using the dimensionless frequency ω as control parameter at gear backlash (b h =1), meshing damping coefficient (c h =0.14), input torque (T 0 =850 N m) is shown in Fig. 4 . It can be obtained that the system displays single periodic motion at the low values of the dimensionless frequency, i.e. ω<0.6. Especially, there exist the jump phenomenon in the diagram at ω=0.5. As ω is increased from 0.6 to 0.9, the single-periodic is replaced by nT-periodic and the system state changes from 2T-periodic motion (ω=0.6-0.8) to 4T-periodic motion (ω=0.8-0.9). For values of the dimensionless frequency in the range ω=0.9 to 0.96, the system performs chaotic motion. As ω is further increased from ω=0.96 to 1.05, the chaotic motion transits to nT-periodic motion. However, at higher values of the dimensionless frequency (ω=1.05-1.75), the gear system undergoes chaotic motion once again. Finally, for all ω>1.75, the chaotic motion is replaced by 2T-periodic and single periodic motion. 
Prediction of the dynamic responses
To observe the response and chaotic behavior of the helical face-gear system at some values of the dimensionless frequency, the time history, phase diagrams and Poincaré maps of the gear system as shown in Figs. 5-12 are draw at ω=0.3, 0.7, 0.85, 0.95, 1.0, 1.4, 1.8 and 1.9, respectively. Significantly, when the phase diagrams form a closed curve, the Poincaré maps show n discrete points and the time history curves are highly regular, the system is in periodic motion, i.e. ω=0.3, 0.7, 0.85, 1.8 and 1.9. On the contrary, the phase diagrams is highly disordered, the Poincaré maps form geometrically fractal structures and the time history curves become irregular, the system exhibits a chaotic behavior, i.e. ω=0.95 and 1.4. However, at the values of the dimensionless frequency ω=0.3 and 1.9, the displacement amplitude is significantly smaller than others, which are in regular single periodic motion. Furthermore, to observe the dynamic load characteristic of the system, Fig. 13 illustrates the corresponding diagram of dynamic load coefficient (DMF 1 /SMF 1 ) at different values of the dimensionless frequency. In the range of ω=0.3-1.5, the DMF 1 /SMF 1 becomes larger, as the ω is increased. However, at the high value of the ω=1.8, the DMF 1 /SMF 1 is significantly small. Corresponding to the time history diagrams, the trend of time history diagrams is consistent with the trend of the dynamic load coefficient. In other words, choosing the suitable speed ratio can decrease the dynamic response and load of the gear system.
Effect of multi-parameter on bifurcation diagrams
Figs. 14-16 illustrate the corresponding bifurcation diagram of the system at different dimensionless meshing damping coefficients, gear backlashes and input torques. With the increase of the dimensionless meshing damping coefficient c h and input torque T 0 , the Chaos areas of the bifurcation diagrams become smaller gradually, which means that the system trends to be more stable. However, with the increase of the dimensionless gear backlash b h , the chaos areas and the displacement amplitude become larger obviously. The motion of the system trends to be more complicated. So, the dynamic response of the system can be improved with a higher mesh damping coefficient or a higher input torque or a lower gear backlash. All in all, the bifurcation diagram of the gear system can be controlled by selecting right parameters. Figure 15 . Bifurcation diagram using dimensionless frequency, ω, as bifurcation parameter at different input torques, T 0 . 
Conclusions
In this study, the dynamic characteristics of a helical face-gear system with 8 degree of freedom have been investigated under considerations of the time-varying mesh stiffness, mesh damping, support stiffness, support damping, transmission errors, backlashes, tooth surface friction and external excitation. The chaotic motion and dynamic load characteristics of the system have been discussed by the bifurcation diagrams, time history, phase diagrams Poincaré maps and the diagram of dynamic load coefficient. The study has been analyzed the bifurcation diagrams of the system using dimensionless frequency as bifurcation parameter at different dimensionless mesh damping coefficients, gear backlashes and input torques, respectively. (i) With the increase of dimensionless frequency, the system undergoes the process of periodic, chaotic and periodic motions. Jumping phenomenon and double Chaos areas can be found in the bifurcation diagram.
(ii) The amplitude of the dynamic response and load is small, when the system is in the regular periodic motion. So, choosing the suitable speed ratio can decrease the vibration or avoid chaotic motion.
(iii) With the increase of the dimensionless mesh damping coefficient or input torque, the system trends to be more stable. With the increase of the dimensionless gear backlash, the system becomes more complicated. So, the dynamic response of the system can be improved with a higher mesh damping coefficient or a higher input torque or a lower gear backlash.
The last, the systematic analysis of the chaotic and dynamic load characteristics of the helical face-gear nonlinear dynamic system under multi-factor conditions can offer a method to decrease the dynamic response and load of the gear system.
